Existence of infinitely many periodic solutions for the 1-dimensional p-Laplacian equation
Introduction
The Poincaré-Birkhoff fixed point theorem is a powerful tool in the study of periodic solutions for the planar ODE of second order. There are several modified versions of this theorem, see [4] [5] [6] 9] . Ding [4] gave the following one.
Theorem A. Let T : R 2 → R 2 be an area preserving homeomorphism. Suppose T is a twist map in an annular A = {x ∈ R 2 | r |x| R} and 0 ∈ T (D), D = {x | |x| < r}. Then T has at least two fixed points in A.
Using this theorem, Ding proved the existence of infinite many periodic solutions for the Duffing equation
where g, f ∈ C(R, R), f is 1-periodic in t and g is superlinear at infinity:
These solutions have large amplitude. Also one can consider other boundary problem of (1.1), say with the Dirichlet condition. For a long time people conjecture that a similar result should hold for the Laplacian equation
where Ω ⊂ R n is a bounded smooth domain. But only partial results are known. For example, the conjecture is true if g is even and superlinear at infinity and f ≡ 0 [1] . For f = 0, more restriction on g is needed [2, 10] . In the present paper we consider the 1-dimensional p-Laplacian equation
with p > 1, and look for periodic solutions. This problem has been the topics of many papers, for example, in [7, 8] , the function g was assumed asymmetric. We assume
There are positive constants α < 1 and γ > 1 such that 4) where
Since we are looking for periodic solutions with small amplitude, only the behavior of f and g near the origin x = 0 is concerned. From (g) 0 , we can assume
Here is our main result. To use the Poincaré-Birkhoff fixed point theorem, we transform the p-Laplacian equation into a Hamiltonian system:
Unless p = 2, the right-hand side of this system is not Lipschitz continuous either at y = 0 (for p > 2) or at x = 0 (for p < 2). To overcome this difficult, we replace g and f by smooth functions g ε , f ε with similar properties as g, f and consider the modified system
We show that for any R > 0 (small enough) we can find 0 < r < R independent of ε such that the Poincaré map for system ( * ) ε is a twist map, and the corresponding periodic solutions for ( * ) ε will converge to a periodic solution for system ( * ) as ε → 0. Since R is arbitrary, we obtain infinitely many periodic solutions.
Notice that for p > 2 (q < 2) even if g ε , f ε are smooth the term |y| q−2 y is only Hölder continuous, so a theorem of existence, uniqueness and continuous dependence on the initial data for the initial value problem is needed.
The paper is organized as follows. In this introduction we present the main result. In Section 2 we construct the approximation functions. Then we consider the initial problem for our systems. In Section 3, we show the existence of periodic solution for the modified system in a given annular, hence prove the main result.
Preliminary
Let g and f be given functions satisfying (g) 0 and (f ), we construct their smooth approximation functions. Since we are looking for solutions of small amplitude, we need only to define
Lemma 2.1. Given M > 0, then there is a constant δ = δ(M) such that for any ε > 0 there are functions g ε and f ε such that
Moreover, 
For x = 0 we take an interval
and 
where η is a cut-off function such that η(x) = 0 if |x| ρ; η(x) = 1, if |x| 2ρ. We verify that g ε , f ε satisfy all conditions. First for
Next suppose 0 < |x| < δ and β i (x) = 0, i 1, then 1 2
x i x 2 and |x i | 2|x| 2δ. Therefore
Now we verity condition (f ε ).
We have used the fact that the term g(x i ) appears in the sum 
Lemma 2.1 is proved. 2
In the remainder of this section we consider the initial value problem for system ( * ) ε . This Hamiltonian system corresponds to the standard 1-dimensional p-Laplacian equation 
Lemma 2.2. System ( * ) ε is well defined. That is, for any (x

Proof. We prove the uniqueness part first. Denote g ε (x) + f ε (t, x) by h(t, x). By our construction, h(t, x) =
We transform (2.9) to an equivalent integral equation 
Near t = 0, t 0 h(s, x(s)) ds ∼ bt. Now suppose that x 1 , x 2 are two solutions of (2.10). Then by the mean value theorem, 
By the Growell inequality
Existence of solutions for the initial value problem can be proved by the Peano's method or by some topological theorem. Continuous dependence on the initial data follows from the uniqueness.
The twist map
We consider the system ⎧ ⎨
Let r be the norm of a point p = (x, y) ∈ R 2 . We want to control their behavior.
Lemma 3.1. Let p(t) = (x(t), y(t))
, t ∈ [0, 1] be a solution for system (3.1) , then there are a constant R 0 > 0 and functions
Proof. Define the Liapunov functions
3)
We calculate the differential of F ε along the curve
where
Take ε ε(R) so that
It follows that there are positive numbers d 1 (R) and d 2 (R) such that
From Lemma 3.1, we know that the solution of (3.1) can be extended to the interval [0, 1] provided |p 0 | = |(x 0 , y 0 )| R 0 . We can define the Poincaré map T ε : (1, x 0 , y 0 ), y(1, x 0 , y 0 ) = (x 1 , y 1 ) , (3.9) where (x(t, x 0 , y 0 ), y(t, x 0 , y 0 )) is the solution of ( * ) ε with initial data (x 0 , y 0 ). Let r(t), θ(t) be the norm and the polar angle of
, then in the polar coordinates the map T ε can be expressed as
where h and l are continuous and 2π -periodic in θ 0 . To apply the Poincaré-Birkhoff fixed point theorem, we need to estimate the difference θ 1 − θ 0 .
Lemma 3.2. Given R > 0, there is a constant K(R) independent of ε such that if ε ε(R), and
Proof. Along a solution curve (x(t), y(t)), the differential of the polar angle can be estimated as follows:
K(R) for some constant K(R), and
We choose an integer m = m(R) such that Since R is arbitrary, we obtain an infinite sequence of periodic solutions for systems ( * ) with smaller and smaller amplitudes. 2 Theorem 1.2 can be proved in a similar way. Due to the superlinearity condition (g) ∞ , for a given r > 0 we can find R > r such that the Poincaré map is a twist map in the annular A = {(x, y) | r x 2 + y 2 < R}. Suppose the initial point (x 0 , y 0 ) lies on the circle C r : {(x, y) | x 2 + y 2 = r 2 }. Roughly speaking, the solution curve rounds faster and faster as r → ∞. We do not give the details of the proof, and leave it to the reader. One may refer Ding [4] , where this superlinear case was discussed for p = 2.
